We discuss a few possible strategies for measuring the polarization of the Λ b baryons produced in e + e − -annihilation at the Z resonance through their inclusive semileptonic decays. After reviewing the existing methods, an extension is proposed, based on the ratio of the averages of the squared electron and neutrino energy, including both perturbative and nonperturbative corrections. This variable minimizes the statistical error on the Λ b polarization, while keeping the systematic theoretical errors at the level of 1-2 %. A number of other polarization-sensitive variables are also discussed, such as averages of ratios of the electron and neutrino energy and the distribution in the difference of the electron and neutrino rapidities.
I. INTRODUCTION
It is a well-known fact that the bottom quarks produced in e + e − -annihilation at the Z peak are predicted to be very strongly polarized. This can be understood by noting that at this energy the production process is practically dominated by Z-exchange, whose coupling to quarks is proportional to T 3 − sin 2 θ W Q. In the limiting case when θ W = 0, the righthanded quarks (for which T 3 = 0) decouple completely from the neutral current and thus the produced quarks are purely left-handed. Increasing the value of the weak angle θ W to its physical value somewhat diminishes the effect (more for the u-type than for the d-type quarks), such that for sin 2 θ W =0.23, a polarization degree P = −0.936 is expected for the d-type quarks.
The b-quark mass effects are suppressed by a factor of m 2 b /m 2 Z and are very small, less than one tenth of a percent. The radiative corrections to this prediction have been computed to one-loop order [1] [2] [3] and have been found to decrease P slightly, by about 2%. Also, the polarization depends only weakly on the kinematical details of the production process.
Eventually the b-quark is observed through its hadronization products. The b quark hadronization into mesons (even excited ones) deletes any memory of the original quark polarization [4] . On the other hand, if the quark ends up as a Λ b baryon (in which the light constituents combine to spin 0), the latter is expected to retain a large part of the initial polarization of the quark [5] .
A measurement of the polarization of the produced Λ b 's could therefore help to test directly this prediction of the Standard Model and obtain information about the details of the hadronization process. A first measurement is already available [6] , which gave an intriguingly small value P = −0.23
+0.26
−0. 23 . This measurement made use of the method proposed in [7] , based on the ratio of the average electron and neutrino energies y = E ℓ / E ν in the laboratory frame. This is just one of the many approaches which have been given which are sensitive to Λ b polarization effects, based on its semileptonic decays to charmed hadrons.
Thus, in [8, 9] the average lepton energy in the laboratory frame has been suggested as a measure of the Λ b polarization. Unfortunately, this quantity is rather sensitive to the exact values of the quark masses, which are known only imprecisely.
In contrast, the variable y = E ℓ / E ν proposed in [7] presents the advantages that the poorly known b-quark mass drops out and the dependence on the ratio m 2 c /m 2 b is compensated to a large extent. Also, the dependence on the details of the fragmentation process (the fragmentation function) disappears almost completely, a problem which had been circumvented in [8, 9] by a combined use of low-energy experimental data. Recently, yet a different method has been put forward in [10] .
The purpose of the present paper is twofold: a) to give a detailed analysis of the theoretical errors which affect an extraction from experiment of the Λ b polarization and b) to discuss a number of other variables which can be used to measure the polarization. We find that the theoretical uncertainty is dominated by the one in the ratio of the quark masses
and by the uncertainty in the strong coupling α s . In section 2 we discuss a generalization of the variable proposed in [7] , the ratio of the moments of the electron and neutrino spectrum. We argue that the ratio of the second moments minimizes the statistical errors in the polarization, while being also insensitive to theoretical uncertainties. In section 3 two other polarization-dependent variables are proposed, the averages of ratios of the electron and neutrino energies and the decay distribution in the difference of the electron and neutrino rapidities.
II. MOMENTS OF THE LEPTON SPECTRA
The polarization of a Λ b baryon affects directly the spectra of the leptons (e and ν) produced in its semileptonic decays. The qualitative nature of the change can be obtained by examining the angular distribution of the leptons in the rest frame of the decay: the electrons tend to be emitted antiparallel to the spin of the Λ b , whereas theν's are emitted preferentially parallel to the spin. In the laboratory system this translates into a larger number of electrons being emitted collinear with the jet containing the decaying b quark (assuming negative polarization) and hence more energetic as compared with the unpolarized case (and the opposite for neutrinos). Consequently, the electron spectrum in the laboratory frame will be hardened in the presence of negative Λ b polarization, contrary to the energy spectrum of the neutrinos, which is softened.
It is more convenient to study the moments of the lepton spectra, rather than the spectra themselves. The theory of the inclusive semileptonic decays of heavy hadrons predicts that the lepton spectra are given, in a first approximation, by the free-quark decay results. The corrections to these results are of order 1/m 2 b [11] [12] [13] and can be parametrized in terms of a few matrix elements. We write the general form of the electron spectrum in the rest frame of the decay as , and P is the polarization. In writing this we have assumed that the Λ b is longitudinally polarized, which is true to a high degree of accuracy 1 . Thus P is antiparallel to the Λ b momentum.
To leading order in 1/m b one has
3)
The 1/m 2 b nonperturbative corrections to these relations have been computed in [12, 13 ] and the α s -order correction in [16, 17] . First we will neglect all corrections and use the free-quark decay results. The energy of the electron in the laboratory frame is given by a boost
1 The transverse polarization, averaged over the orientation angle with respect to the e + e − beam, is predicted to be less than 1% in the Standard Model [14, 15] .
where center-of-mass quantities are starred. With the help of this relation the moments of the laboratory frame electron energy can be reduced to the moments of the two functions in (2.1)
e F e (x e , ρ) (2.5) Table 1 . Average values of the first six moments of the electron (second column) and neutrino energy (third column) in the laboratory frame, to first order in ρ.
To first order in ρ they are given by
In Table 1 the moments of the reduced lepton energy in the laboratory frame are listed as functions of P , to first order in ρ. β has been taken equal to 1 in computing these expressions, since the b-quarks produced at the Z pole are practically ultrarelativistic. The qualitative behaviour of the P -dependence is just what one expects from the general considerations mentioned at the beginning of this section: the moments of the x e -distribution grow as P approaches the completely polarized value −1. The relative increase with respect to the unpolarized case grows with n, due to the fact that the higher moments increasingly probe the region of high values of x e , where the spectrum is hardened in the polarized case.
Unfortunately, the higher moments display also a larger sensitivity to ρ, which is the most important source of uncertainty in these calculations. Previous works used a rather broad range of values 0.06-0.12 [8, 9, 7] 
The binding Λ and the heavy quark kinetic energy µ 2 π are still imprecisely known parameters.
For example, in [24] the bound Λ > 500 MeV was obtained and in [18] correlated bounds on Λ and µ 2 π are given, as well as the lower bound Λ > 410 MeV. Lattice calculations give much smaller results [20] for Λ. We will use as a conservative number Λ = 450 ± 50 MeV.
A QCD sum rule calculation [19] gave the value µ 2 π = (0.60 ± 0.10) GeV 2 , in agreement with model-independent bounds derived in [23, 24] . We will use this central value but double the error bars. On the left-hand side of (2.9,2.10) we use average masses over the respective isospin doublets, which gives [21] These numbers are similar to those quoted in [22] , i.e. m b = 4.80 ± 0.03 GeV and m c = 1.35 ± 0.05 GeV (see also the references cited in [22] ).
Returning to the analysis of the ρ-dependence of the moments of the electron energy spectrum, we present in Table 2 the values of these moments corresponding to the fully polarized Λ b case (P = −1) and in the unpolarized case (P = 0). In computing these numbers the dependence on ρ has been fully taken into account, not only to first order as in Table 1 . Table 2 . Sensitivity to P versus sensitivity to ρ in the electron and neutrino spectrum. The value ρ = 0.091 ± 0.010 has been used (see the explanation in the text).
The result is that, for the first moments, the error due to ρ is only marginally smaller than the sensitivity to P [8, 9] . With growing n both of them increase such that for larger n the uncertainty induced by ρ is offset by the increase in the sensitivity to P and the efficiency of the variable becomes better. However, the additional uncertainty connected with the fragmentation-dependent factor γ n , the need of considering high moments in which the statistical errors become appreciable and the comparatively small efficiency make the use of the electron spectrum little attractive as a polarization analyzer.
Similar considerations can be made for the case of the inclusive neutrino energy spectrum.
This is described by a formula analogous to (2.1) with the corresponding functions F ν and J ν reducing to the well-known free-quark decay expressions in the infinite mass limit
Their moments can be expanded to first order in ρ with the result
The results for the first few moments of the neutrino reduced energy in the laboratory frame are shown in the third column of Table 1 . Their relative sensitivity to P and ρ are given in the last two columns of Table 2 . One can see that the main conclusions drawn in the electron spectrum case can be extended to the neutrino case.
More satisfactory variables are obtained by taking the ratios of the moments of the electron and neutrino spectrum. Numerically, they are much more stable against changes in ρ because the electron and neutrino moments go in the same direction under a variation in ρ. At the same time, the sensitivity to P is strongly enhanced [7] (see Table 3 ). Most importantly, the boost-dependent factors γ n cancel out in the ratios y n , which are therefore independent of details of the fragmentation process [7] .
The sensitivity to P increases rapidly with n, from a relative change of 60% in y 1 as P goes from 0 to 1 to over 450% for y 6 . In [7] this relative change has been used as a measure for the sensitivity of a given variable to the polarization. It is clear, however, that the effect of the statistical errors on each particular variable has to be taken into account as well.
We propose instead as a more realistic measure of the relative efficiency of two different variables, the ratio of the errors on P induced by each of them with identical statistical data. Table 3 . Ratios of the moments of the electron and neutrino energy spectra.
Explicitly, assuming that the variable y n can be measured with a statistical error δy n , this allows for a determination of P with an error
The error of y n is, in turn, given by 14) where N is the number of events and δE e,ν are the statistical errors with which the electron and neutrino energies are measured. Assuming that the systematic errors dominate over the statistical ones, we will take δE e ≃ δE ν . Using the data in Table 2 for the average energies one obtains the numbers shown in the last two columns of Table 3 for the ratio of the errors in P induced by y n and y 1 . The boost-dependent factors γ n are given by
and are of the order of the unity. For example, by using a Peterson ansatz for the fragmentation function of the form f (z) = One can see that, as far as the statistical errors are concerned, y 2 allows an extraction of P with an error at least 20% smaller than y 1 (note that γ 2 < 1 independent of the fragmentation model adopted) in the fully polarized case (P = −1). In the vicinity of P = 0 the two variables are equally sensitive to statistical errors.
Incorporating the nonperturbative corrections amounts to replacing the free-quark decay moments (2.5,2.6) according to [13] . The nonperturbative matrix elements appearing in these relations have the form K b = µ The analytic expressions for the radiative corrections can be found in [17] . We have computed the corresponding corrections to the moments of the electron and neutrino spectrum numerically. The value of the strong coupling α s has been varied between 0.1 and 0.3. The results, including the errors associated with the variation of the parameters involved, are presented in Table 4 . Table 4 . The contributions of the different sources of theoretical errors to y 1 and y 2 . R yn (P ) ≡ y n (P )/y n (0) are the ratios y n normalized at 1 at P = 0.
The systematic theoretical errors can be further reduced by considering the ratios R yn (P ) = y n (P )/y n (P = 0) [6] . Since these ratios differ from y n only by a constant, the arguments following after Eq.(15) concerning the statistical errors apply to them without changes. Assuming zero statistical errors, the total theoretical uncertainty of R y 1 is reflected into an error of 2.3% in P at P = −1, compared with about 4.3% when considering y 1 at the same point. In a similar way, R y 2 induces an uncertainty in P of 2.0% at P = −1, compared to an error decreasing from 3.9% at the same point to 3.3% at P = 0 for y 2 . In the Figure 1 , the R y 1 and R y 2 variables are plotted as a function of the Λ b polarization for ρ = 0.09. In conclusion, y 2 and R y 2 could prove to be useful as variables for measuring the Λ b polarization in addition to y 1 (respectively R y 1 ), due to their reduced sensitivity to statistical errors.
III. OTHER POLARIZATION-DEPENDENT VARIABLES
In this section we discuss a few other variables which can be used to measure the polarization of the Λ b baryons. For example, one could consider the average ratio of the electron and neutrino energies. In terms of rest-frame quantities this can be written as
We will keep β fixed for the moment and only average over it at the very end. Let us compute the average (3.1) in the free-quark decay approximation. The differential decay rate dΓ is given by
where
and f (ρ) = 1 − 8ρ + 8ρ 3 − ρ 4 − 12ρ 2 log ρ. θ eν is the angle between the electron and neutrino moments in the rest frame of the decay and φ denotes the angle between the decay plane and the ( p ν , p Λ ) plane in the same reference frame. After integrating over all variables in (3.1) the following result is obtained Since β is very close to 1, it can be replaced everywhere with this value, except in the argument of the logarithm, which can be written as
With this approximation, (3.4) becomes
The fragmentation-dependent quantity log 2γ can be eliminated by considering also the average of the inverse ratio
This can be computed in a similar way to y D with the somewhat lengthy result
To a good approximation, the last term in (3.8) can be neglected because of the additional suppression by a factor of 1/γ 2 . An estimate performed with the help of the Peterson fragmentation function used in the preceding section gives log 2γ ≃ 2.497 and (log 2γ)/γ 2 ≃ 0.064.
The variable y D should be used carefully; due to detector smearing the neutrino energy can be close to zero and create overflows. The solution to this problem is to do a cut on neutrino energy around zero. This cut together with other analysis cuts (e.g. lepton identification cuts on the lepton momentum at 3 GeV and on its transverse momentum at 1 GeV /c) will bias the values of y D and y I . The normalizations R y D = y D (P )/y D (0) and R y I = y I (P )/y I (0) can be used to eliminate the acceptance and reconstruction effects (see Figure 2) . A Monte Carlo study shows that the relative errors obtained in a sample of N events are the following
A simultaneous fit to (3.6) and (3.8) will give the polarization P . The fragmentation variable log 2γ can be eliminated between R y D and R y I and the polarization value extracted as a function of both neglecting the term proportional to One such quantity, which turns out to be also sensitive to Λ b polarization, is the difference of the rapidities of the electron and of the neutrino along the boost direction
In general the rapidity of a particle is defined as ζ = log E+q E−q with E its energy and q the longitudinal momentum. For a massless particle the rapidity can be also expressed through the angle θ between its direction of motion and the boost axis, tanh ζ = cos θ. We recall that in the polarized case (P = −1), the electrons tend to be emitted preferentially The simplest way to obtain the decay distribution differential in ∆ is to parametrize the final state of the system from the very beginning in terms of the set of coordinates (ζ, r, φ)
for each particle: the rapidity ζ, the transverse momentum to the boost axis r and the azimuthal angle φ. This gives dΓ = G 
The electron transverse momentum r e takes values from 0 to m b (1 − ρ)/(2 cosh ζ e ). It is therefore helpful to introduce a reduced transverse electron momentum r defined as r = 2r e cosh ζ e /m b which will take values between 0 and 1 − ρ. The Monte Carlo samples contain 3000 events and the quark mass ratio has been taken ρ = 0.09.
After integrating over φ e,ν and transforming from (ζ e , ζ ν ) to ζ + = ζ e + ζ ν and ∆ (3.9), the following result is obtained
where Σ = cosh ζ + + cosh ∆ and R = r 2 sinh 2 ∆ − 2rΣ cosh ∆ + Σ 2 .
The exact result obtained after integrating over r and ζ + is very complicated, so we only give in analytic form the simpler expressions corresponding to the case of a massless final quark ρ = 0. In this limit the decay distribution has the form We have denoted in these expressions
and c = cosh ∆, s = sinh ∆. Table 5 . Average values of the difference of the electron and neutrino rapidities ∆ = ζ e − ζ ν , and of its cube ∆ 3 , at P = −1, for a few values of ρ.
The singularity of f (∆) and g(∆) at ∆ = 0 is only apparent; at this point these functions have power series expansions of the form As a measure of the polarization one can take the average value of an odd power of ∆.
These are proportional to P and have the form
with C n positive numbers. The first two coefficients C n (n = 1, 3), obtained by numerically integrating (3.11) , are shown in Table 5 for a few values of ρ. In Figure 4 a Monte Carlo simulation was used to estimate ∆ as a function of polarization.
With the given error on ρ, ∆ allows an extraction of the polarization with a theoretical uncertainty of the order of 2.1 % in the fully polarized case (and proportional to P for |P | < 1), whereas ∆ 3 gives a slightly larger error of 2.3 %. The statistical errors on the Λ b polarization value are estimated in a Monte Carlo simulation to be 0.9/ √ N with N the number of events. While less precise than the variables discussed in section 2, nevertheless we believe that the methods presented in this section might prove to be useful as well, even if for cross-checking purposes only.
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APPENDIX:
We present here, for completeness, a few details concerning the radiative corrections to the first moments of the electron and neutrino spectrum. The corrections to the moments of the functions F e,ν (x) and J e,ν (x) (describing the rest-frame decay distributions) have the form The polarization-dependent variables y and y 2 are written in terms of these moments as y = 3F e1 + J e1 P 3F ν1 + J ν1 P , y 2 = 2F e2 + J e2 P 2F ν2 + J ν2 P . Table A1 . The zeroth moment of the function F e (x e ) appearing in the unpolarized b-quark decay rate and its associated radiative correction.
The functions f Table A2 . The n = 1 moments and their radiative corrections.
In Table A1 we show the n = 0 moment of F e (x e ) and its radiative correction, which are needed for the normalization of the absolute values of the higher moments. However, they cancel when considering the ratios of moments y n .
The values of the free-quark decay moments F Table A3 . The n = 2 moments and their radiative corrections.
From these tables one can see that the radiative corrections change the n = 1 moments by 10-17% (for α s = 0.3). The corresponding effect in the n = 2 moments is somewhat larger, of 11-18%.
